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A PROPERTY OF STRICTLY SINGULAR 1-1 OPERATORS 


GEORGE ANDROULAKIS, PER ENFLO 


Abstract We prove that if T is a strictly singular 1-1 operator defined on an infinite dimen¬ 
sional Banach space X, then for every infinite dimensional subspace Y oi X there exists an 
inhnite dimensional subspace Z of Y such that Z contains orbits of T of every finite length 
and the restriction of T on Z is a compact operator. 


1. Introduction 

An operator on an inhnite dimensional Banach space is called strictly singular if it fails to 
be an isomorphism when it is restricted to any inhnite dimensional subspace (by “operator” 
we will always mean a “continuous linear map”). It is easy to see that an operator T on 
an inhnite dimensional Banach space X is strictly singular if and only if for every inhnite 
dimensional subspace Y of X there exists an inhnite dimensional subspace Z of Y such 
that the restriction of T on Z, T\z : Z —»• A, is a compact operator. Moreover, Z can 
be assumed to have a basis. Compact operators are special examples of strictly singular 
operators. Ifl<p<g<cx) then the inclusion map ip^q : ip ^ ig is a strictly singular 
(non-compact) operator. A Hereditarily Indecomposable (H.I.) Banach space is an inhnite 
dimensional space such that no subspace can be written as a topological sum of two inhnite 
dimensional subspaces. W.T. Gowers and B. Maurey constructed the hrst example of an 
H.I. space |Q]. It is also proved in that every operator on a complex H.I. space can be 
written as a strictly singular perturbation of a multiple of the identity. If A is a complex 
H.I. space and T is a strictly singular operator on A then the spectrum of T resembles the 
spectrum of a compact operator on a complex Banach space: it is either the singleton {0} 
(i.e. T is quasi-nilpotent), or a sequence {A„ : n = 1, 2,... } U {0} where A„ is an eigenvalue 
of T with hnite multiplicity for all n, and (A„)„ converges to 0, if it is an inhnite sequence. 
It was asked whether there exists an H.I. space A which gives a positive solution to the 
“Identity plus Compact” problem, namely, every operator on A is a compact perturbation 
of a multiple of the identity. This question was answered in negative in |I[] for the H.I. 
space constructed in [§, (for related results see [0, [0, and p[). By [^, (or the more 
general beautiful theorem of V. Lomonosov [^), if a Banach space gives a positive solution 
to the “Identity plus Compact” problem, it also gives a positive solution to the famous 
Invariant Subspace Problem (I.S.P.). The I.S.P. asks whether there exists a separable inhnite 
dimensional Banach space on which every operator has a non-trivial invariant subspace, (by 
“non-trivial” we mean “diherent than {0} and the whole space”). It remains unknown 
whether C is a positive solution to the I.S.P.. Several negative solutions to the I.S.P. are 
p!2[, ||13||. In particular, there exists a strictly singular operator with no 
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known §, | 

non-trivial invariant subspace [Q. It is unknown whether every strictly singular operator 
on a super-rehexive Banach space has a non-trivial invariant subspace. Our main result 
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(Theorem |2.1|) states that if T is a strictly singular 1-1 operator on an inhnite dimensional 
Banach space X, then for every inhnite dimensional Banach space Y of X there exists an 
inhnite dimensional Banach space Z of Y such that the restriction of T on Z, T\z : Z X, 
is compact, and Z contains orbits of T of every hnite length (i.e. for every n G N there exists 
Zn ^ Z such that {zn,Tzn,T^Zn, ■ ■ ■ ,T'^Zn} C Z). We raise the following 


Question. Let T be a quasi-nilpotent operator on a super-reflexive Banach space X, such 
that for every infinite dimensional subspace Y of X there exists an infinite dimensional 
subspace Z of Y such that T\z '■ Z ^ X is compact and Z contains orbits of T of every 
finite length. Does T have a non-trivial invariant subspace? 


By our main result, an affirmative answer to the above question would give that every 
strictly singular, 1-1, quasi-nilpotent operator on a super-rehexive Banach space has a non¬ 
trivial invariant subspace; in particular, we would obtain that every operator on the super- 
rehexive H.I. space constructed by V. Ferenczi [P| has a non-trivial invariant subspace, and 
thus the I.S.P. would be answered in affirmative. 


2. The main result 


Our main result is 

Theorem 2.1. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach 
space X. Then, for every infinite dimensional subspace Y of X there exists an infinite 
dimensional subspace Z ofY, such that Z contains orbits ofT of every finite length, and the 
restriction ofT on Z, T\z ■ Z —>■ X, is a compact operator. 

The proof of Theorem |2.1| is based on Theorem |2.3| . We hrst need to dehne the basis 
constant of a hnite set of normalized vectors of a Banach space in an analogous way of the 
dehnition of the basis constant of an inhnite sequence. 

Definition 2.2. Let X be a Banach space, n G M, and Xi,X2, ... ,Xn be normalized elements 
of X. We define the basis constant of Xi, ... 

bc{xi,... , Xn} ■= sup "I \ai 

Notice that 

bc{xi,... ,Xn}~^ = inf I 

and that bc{xi,... , Xn} < cxd if and only if xi,... , Xn are linearly independent. 

Before stating Theorem p.3| recall that if T is a quasi-nilpotent operator on a Banach space 
X, then for every x G X and r/ > 0 there exists an increasing sequence in N such that 

||T*"x|| < ? 7 ||T*'*“^x||. Theorem |2.3| asserts that if T is a strictly singular 1-1 operator on a 
Banach space X then for arbitrarily small p > f) and /c G N there exists x G X, ||x|| = 1, 
such that ||T*x|| < ? 7 ||T*“^x|| for i = 1, 2,... , fc -|- 1, and moreover, the basis constant of 
X, Tx/||Txjj,... ,T^x/\\T^x\\ does not exceed f/y/rj. 

Theorem 2.3. Let T be a strictly singular 1-1 operator on a Banach space X. Let Y be an 
infinite dimensional subspace of X, F be a finite codimensional subspace of X and k E N. 
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, Xn to be 


I , . . . , I Q!.yi \ . 


n 

i=l 


= 1 


Eft 

i=l 


: max \/3i\ = 1 > , 

l<i<n ' 











Then there exists rjo G (0,1) such that for every 0 < rj < rjo there exists x ^ Y, ||x|| = 1 
satisfying 

(a) T^~^x G F and \\T^x\\ < 77||T*“^a;|| for i = 1,2,... , k + 1, and 

(b) bcjx,^,... ,^} < 

(where denotes the identity operator on X). 

We postpone the proof of Theorem 


Proof of Theorem Let T be a strictly singular 1-1 operator on an inhnite dimensional 
Banach space X, and Y be an infinite dimensional subspace of X. Inductively for n G N we 
construct a normalized sequence {zn)n C Y, an increasing sequence of finite families {^j)j£Jn 
of normalized functionals on X (i.e. {Jn)n is an increasing sequence of finite index sets), and 
a sequence {rin)n C (0,1), as follows: 

For n = 1 apply Theorem |2.3| for F = X (set Ji = 0 ), A: = 1, to obtain pi < 1/2® and 
Zi G Y, llzill = 1 such that 


( 1 ) 

and 

( 2 ) 


lir^ill <r],\\r-^zi\\ for * = 1,2, 


bc{^i, } < 


\\Tzi\\ 


For the inductive step, assume that for n>2, C Y, (z*)j^j. (i = 1,... ,n — 1), and 

have been constructed. Let W be a hnite index set with W_i C W and {x*)j^j^ be 
a set of normalized functionals on X such that 


( 3 ) 


for every x G span{T^Zj ■ 1 < j < n — 1,0 < i < j} 
there exists jo ^ Jn such that > ||x||/2. 

Apply Theorem ^ for F = Hj^j^kei^x*), and k = n, to obtain rjn < l/(n^2^"^+^) and G Y, 
\\zr,\\ = 1 such that 


( 4 ) 


T ^Zn G F and \\Tzn\\ < 'nnWT ^Zn\\ for i = 1,2,... ,n + l. 


and 

( 5 ) 


bc{2:„. 


Tz„ 


T^z„ 


llTzJI’-- - ’ \\T-z„ 


■}< 




This fimshes the induction. 

Let Z = span{T* 2 :„ : n G N, 0 < i < n}, and for n G N, let Zn = span{T®z„ : 0 < i < n}. 
Let X E Z with ||a:|| = 1 and write x = where Xn G Zn for all n G N. We claim that 

(6) ll^ 2 ;n|| < for all n eN. 

2 "- 

Indeed, write 


X = 


n=l 


T^Zn 

\\T^Zn 


and Xn = '^ 


i=0 


T^Zn 

WT^Zn 
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for n G N. 













Fix n G M and set 5;„ = xi + X 2 + ■ • • + Xn- Let jo ^ Jn+i such that 
ll^nll < 2|a;*|j(5;„)| (by (|) for n — 1 replaced by n) 

= 2\x*^{x)\ (since forn + 1 < m, J^+i C thus by Xm^ ker(a:*J) 

Ixll = 2. 


< 2II4I 

Thus ||a;„|| = \\xn — < ||Tn|| + ||5^n-i|| < 4 (where Xq = 0). Hence, by 

obtain that 


and 


we 


(7) 

Therefore 


< 4bc{ 


\T^Zr, 


: i = 0,... , n} < 




for i = 0,... , n. 


||7~'3^n|| II ^ ^ 


i=0 


'fr^n 


< 


E 

i=0 


||T*+E 


^2,n I 


||T*^,, 


< 


-^'nn (by (ID, (D, and (0)( 

i=0 V 


= 4nyT^ < — (by the choice of r]n), 


X 


which hnishes the proof of (^. Let Z to be the closure of Z. We claim that T|^ : Z 
is a compact operator, which will hnish the proof of Theorem p.l| . Indeed, let {ym)m C Z 
where for all m G N we have \\ym\\ = 1, and write ym = where ym,n ^ for 

all n G N. It suffices to prove that {Tym)m has a Cauchy subsequence. Indeed, since Z^ 
is hnite dimensional for all n G N, there exists {yl^m a subsequence of {ym)m such that 
{Tyln,i)m is Cauchy. Let {yl^)m be a subsequence of {yl^)m such that {Ty'^ .^)^ is Cauchy. 
Continue similarly, and let ym = ym ym,n = ymn m, n G N. Then for m G N we 

have ym = ym,n where ym,n G Zn for all n G N. Also, for all n, m G N with n < m, 

{yt)t>m and (yt,n)t>m are subsequences of {y^)t and {y^n)t respectively. Thus for all n G M, 
{Tyt,n) igis} is a Cauchy sequence. We claim that (Tym)m is a Cauchy sequence. Indeed, for 
e > 0 let mo G M such that 1/2™°“^ < e and let mi G M such that 


( 8 ) 


\\Tys,n - Tyt^riW < -— for all s, t > mi and n = 1, 2,... mo. 


2m, 


Thus for s,t > mi we have 

CXD 

\\Tys - TytW = II ^ Tys,n - T%,r. 


n=l 

mo 

- 


n=l 


Y1 W'^y^^nW + Y1 

n=mo+l n=mo+l 


< mo 


e 


oo 


2mo 
e 2 


+ 2 E FF (by 


and (p 

n=mo+l 

< £ ( by the choice of mo). 


)) 


2 2""o 

which proves that {Tym)m is a Cauchy sequence and hnishes the proof of Theorem PTT| . □ 
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For the proof of Theorem |2.3| we need the next two results. 

Lemma 2.4. Let T he a strictly singular 1-1 operator on an infinite dimensional Banach 
space X. Let k eN and rj > 0. Then for every infinite dimensional subspace Y of X there 
exists an infinite dimensional subspace Z of Y such that for all z E Z and for all i = 1,... , fc 
we have that 

\\Tz\\ < v\\T^~^4 

(where T° denotes the identity operator on X). 

Proof. Let T be a strictly singular 1-1 operator on an inhnite dimensional Banach space X, 
k eN and rj > 0. We hrst prove the following 

Claim: For every inhnite dimensional linear submanifold (not necessarily closed) W oi X 
there exists an inhnite dimensional linear submanifold Z oiW such that ||Tz|| < for 
all z E Z. 


Indeed, since W is inhnite dimensional there exists a normalized basic sequence in 

W having basis constant at most equal to 2, such that \\Tzi\\ < 77 / 2 *+^ for all i G M. Let 
Z = span{zj: i G M} be the linear span of the zCs. Then Z is an inhnite dimensional linear 
submanifold of W. We now show that Z satishes the conclusion of the Claim. Let z E Z 
and write 2 ; in the form 2 ; = TXiZi for some scalars (Aj) such that at most hnitely many Aj’s 
are non-zero. Since the basis constant of {zi)i is at most equal to 2, we have that |Ai| < 4||^|| 
for all i. Thus 


\\Tz\\ = 


'^XiTzi 


<5^|A.|||Tz,i|<5^4||; 


V 

2*+2 


= V z 


which hnishes the proof of the Claim. 

Let Y be an inhnite dimensional subspace of X. Inductively for i = 0,1,... ,k, we dehne 
Zi, a linear submanifold of X, such that 

(a) Zq is an inhnite dimensional linear submanifold of Y and Zi is an inhnite dimensional 
linear submanifold of T{Zi_i) for i > 1. 

(b) IIT^II < r]\\z\\ for all z E Zi and for all i > 0. 

Indeed, since Y is inhnite dimensional, we obtain Zq by applying the above Claim for W = Y. 
Obviously (a) and (b) are satished for 7 = 0. Assume that for some zq G {0,1,... , /c — 
1}, a linear submanifold Zi^ of X has been constructed satisfying (a) and (b) for i = i^. 
Since T is 1-1 and is inhnite dimensional we have that T{Zif) is an inhnite dimensional 
linear submanifold of X and we obtain by applying the above Claim for W = T{Zi^f). 
Obviously (a) and (b) are satished for i = iQ + 1. This hnishes the inductive construction of 
the Zfs. By (a) we obtain that Zk is an inhnite dimensional linear submanifold of T^{Y). 
Let W = T~^{Zk). Then W is an inhnite dimensional linear submanifold of X. Since 
Zk Y T^(Y) and T is 1-1, we have that W YY. By (a) we obtain that for 7 = 0,1,... , fc 
we have Zk Y T^~Xi, hence 


TW = T^-’^Zk = p-^’^-^^Zk C ^ ^ 


(since T is 1-1). Thus by (b) we obtain that ||T*^|| < r/HT* ^z\\ for aW z E W and i = 
1,2,... ,k. Obviously, if Z is the closure of W then Z satishes the statement of the lemma. 

□ 
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Corollary 2.5. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach 
space X. Let k E N, rj > 0 and F be a finite codimensional subspace of X. Then for every 
infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of Y 
such that for all z E Z and for all i = 1,... , fc + 1 

T-^z E F and \\Tz\\ < v\\T~h\\ 

(where T° denotes the identity operator on X). 

Proof. For any linear snbmanifold W oi X and for any finite codimensional snbspace F of 
X we have that 

(9) dim(lV/(F n IV)) < dim(X/F) < oo. 

Indeed for any n > dim(X/F) and for any xi,... , linear independent vectors in IV\(F fl 

n 

W) we have that there exist scalars Ai,... , A„ with (Ai,... , A„) 7 ^ (0,... ,0) and ^ \iXi E F 

i=l 

n 

(since n > dim(X/F)). Thus ^ Fl hF which implies (j^). 

i=l 

Let R{T) denote the range of T. Apply (||) for W = R{T) to obtain 

(10) dim{R{T)/{R{T) F F) < dim(X/F) < cx). 

Since T is 1-1 we have that 

(11) dim{X/T-\F)) < dim{R{T)/{R{T) n F)). 

Indeed, for any n > dim(i?(T)/(F(T)nF)) and for any xi,... ,Xn linear independent vectors 
of X\T~^{F), we have that Txi,... , Tx^ are linear independent vectors of R{T)\T{T~^{F)) = 
R{T)\F (since T is 1-1). Thus Txi ,... , Txn E R{T)\{R{T)r\F) and since n > dim(i?(T)/(i?(T)n 

n 

F)), there exist scalars Ai,... , A„ with (Ai,... , A^) 7 ^ (0,... , 0) such that ^ 

i=l 

( n \ n 

X) AjXj I e F, and hence XiXi E T“^(F), which proves (pT]) . By 

i=l J i=l 

combining (|^ and (|TI|) we obtain 

(12) dim{X/T-\F)) < 00 . 

By (|^ we have that 

(13) dim(X/T“*(F)) < cx), for i = 1, 2,... , fc. 

Thus dim(X/hFi) < cx) where IFi = F fl T“^(F) ft • ■ ■ fl T“^(F). Therefore if we apply (|) 
for IF = y and F = IFi we obtain 

(14) dim(F/F n IFi) < dim(X/fFi) < cx), 

and therefore Y fl IFi is inhnite dimensional. 

Now use Lemma |2]^, replacing F by F fl IFi, to obtain an inhnite dimensional subspace 
F of F n VFi such that 

\\T^z\\ < p\\T~^z\\ 

for aW z E Z and i = 1,... , fc -f- 1. Notice that for z E Z and z = 1,... , fc we have that 
z eWi thus T^~^z E F. □ 
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Now we are ready to give the 


Proof of Theorem We prove by induction on k that for every infinite dimensional sub¬ 
space Y of X, hnite codimensional subspace F of X, k E N, function /: (0,1) —>• (0,1) such 
that f{r])\0a.sri\0, and for zq G {0} U N, there exists z^o > 0 such that for every 
0 < 7] < rjo there exists x eY, ||a;|| = 1 satisfying 

(a') T^~^x E F and ||T*x|| < ? 7 ||T*“^a;|| for z = 1, 2,... , zq -f A: -|- 1. 
hr I T"0+ix Th+^x \ ^ 1 

l^u J UC < 1 ^ ||T*0a;|| ’ ||T'0+lx|| > • • • > fro+Yhi f — fiv) ' 

For = 1 let Y, F, /, and Zq as above, and let r/o ^ (0,1) satisfying 

( 15 ) f(ri„) < 

Let 0 < z; < ?7o- Apply Corollary for k and rj replaced by zq -|- 1 and rj/i respectively, 
to obtain an inhnite dimensional subspace Zi of Y such that for all z E Zi and for z = 
1,2,... , Zq -|- 2 

(16) T-^zeF and \\Tz\\ <^\\T-^z\\. 

Let Xi E Zi with ||xi|| = 1. If bc{T*°xi/||T*°xi||, T*°+^xi/||T*o+^xi||} < l//(z 7 ) then xi 
satisfies (a') and (b') for /c = 1, thus we may assume that 


(17) 


P^’ IIT'o+ixill J ^ 7M' 


Let 

(18) 


0 < Z 72 < 4 A mm ————A mm — 

4 i<i<*o 2 T*xi *o<*<*o+2 2 T*oxi 




Let z^,z^ E X*, ll^^ll = ll^^ll = 1, 4(T*°xi) = ||T*oxi|| and z^(T^°+^xi) = ||T*°+^xi||. Since 
ker xJl' n ker ;22 is finite codimensional and T is 1-1, by (|^ we have that 

(19) dim(X/T-*°(ker n ker^*)) < cx). 


Apply Corollary for F, k and rj replaced by F fl T~^°(keYzl fl ker;^^)) + 2 and Z 72 

respectively, to obtain an inhnite dimensional subspace Z 2 of Y such that for all z E Z 2 and 
for all z = 1 , 2 ,... , Zq + 2 

( 20 ) e FnT-*°(ker; 2 * nker^*) and \\Tz\\ < r] 2 \\T-h\\. 


Let xl G X* with ||xi|| = x\{xi) = 1 and let X 2 G Z 2 fl kerx^ with 

(21) ||T*°xi|| = ||T*°X2|| 


and let x = (xi -|- X 2 )/||xi -f X 2 II. We will show that x satishes (a') and (b') for k = 1. 

We hrst show that (a') is satished for k = 1. Since Xi,Txi, ... ,T*°+^xi G F (by ([T6D) 
and X 2 , Tx2, ... , T*“+^X 2 G F (by (PPP) we have that x, Tx,... , T*°+^x G F. Before showing 
that the norm estimate of (a') is satished, we need some preliminary estimates: (E3)-®- 
If 1 < z < Zq (assuming that 2 < zq) then 
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iir-x.ii - (Ip^) 


-1 




-1 


= JT°X2\\V2^ 


2 ' 

1 


-1 


(byO) 

(by®) 

(by applying (^Of) for z = X 2 , io — i times) 

(22) < ^||T*X2|| (since 772 < 1 by (j^)). 

Thus, by (^^, for 1 < i < io (assuming that 2 < io) we have 

(23) 
and 

(24) 

Also notice that 

(25) ||r°a:||||a:i +0:211 = ||r“xi + r°o:2|| < ||r°o:i|| + ||r°o:2|| = 2||r°o:i|| (by (j^)), 


liriiiiii. + 12 I 1 = \\T%+Tx4 < Iiriiii + \\Tx4 < -\\rx4 


Wrx\\\\xi+X2\\ = \\T'xi+Tx^\\ > WT'xiW - IIT-Xill > -||T‘x 2 ||. 


and 


(26) ||r°o:||||a;i +0:211 = ||r°xi + r°o:2|| > zl{T°Xi+ T^X2) = zl{T^Xi) = ||r°o:i|| 

(by (^Ol) for z = X 2 and i = 1). Also for io < i < io + 2 we have that by applying (|^) for 
z = X 2 , i — io times, we obtain 


(27) 

(28) 


\\T'x 2\\ < 4-«\\r<‘x2\\ 


< i) 2 ||T‘“xi|| (by 1)2 < 1 and (gj)) 

, nT“xA\ i , . I 
||r*xi|| 2"^ 'll 


< t/Mlir-iill (by (ED) 


Thus for io < i < io + 2 we have 


liriiiiii,+ i2|| = l|rii + ri2|| 

< ||T-ii|| + ||r‘i2|| 
<|l|r‘ii|l (by®). 


( 29 ) 





Also for zq < i < *0 + 2 we have 

||ra;||||xi + x2|| = iirxi + rxall 
>||T*a;i||-||T*X2|| 

(30) 

Later in the course of this proof we will also need that 
||r°+^x||||a;i+a;2|| = \\r°+^xi + r°+^X2\\ 
>\\T°+^X,\\-\\T°+^X2\\ 


>-\\rx,\\ (by(li). 


> 


||r»+'a: 2 || - ||r»+V 2 || (by (0) 


(31) 


> 


/(>)) 


(since f{ri) < 1). 


Finally we will show that for 1 < z < zq + 2 we have that ||T*a;|| < Z 7 ||T* ^x||. Indeed if z = 1 
then 


lirxii = 

< 

< 

< 


+ X2\ 
1 


|a;i + X 2 I 
1 


|a:i + X2\ 
1 


|a;i + X2\ 
1 


|a:i + X2\ 

1 


1^:1 + X2\ 


— 4 2z72 


llTxi + TX 2 II 
(||Ta;i|| + ||Ta;2i|) 

[^\\Xl\\ + V2 \\x2\\^ 

^\\Xl\\ + V2{\\Xl + X2\\ + 

1 + ^ 2 ) xl{xi)+ri 2 

I + V 2^ xl{xi + X2 ) + r]2 


(by (HD {z = Xi), and (H) {z = X2)) 

(by the choice of x\) 

(since X 2 G kerx^) 

(since ||a:^|| = 1) 


(32) 


< rj 


since r ]2 < 


V 


by®) 


If 1 < z < Zo (assuming that 3 < Zq) we have that 


||T*X|| ^ |||T*X 2 || 


< 


||r-ix|| - 2 ||t*-1x2|| 

< 3772 

< rj 


( 33 ) 
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(by (© and ®) 

(by m) 

(by (Hi)- 















If i = *0 > 1 then 


||T*x| 


< 


2||T*oxi|| 


\\T^-^x\\ - i||T‘o-ix2| 
||T'°a;2|| 


= 4. 


(34) 

If *0 < ^ < '*0 + 2 then 

(35) 


i|T*o-ia;2| 

< 4?72 

< r] 


(by ® and @)) 

(by®) 

(by (pOD for z = X 2 and z = 1) 

(by (0)). 


< 


|||T*xi| 


||T*a:| 

|r*“^a:|| “ 4 ||T*“^Xi| 
< r] 


(by 

(by 


and (^OD) 
for 2 ; = xi). 


Now (1^) , (^), (^ and (^) yield that for 1 < z < zq + 2 we have ||T*x|| < z 7 ||T*“^x||, 
thus X satishes (a') for k = 1. Before proving that x satishes (b') for fc = 1 we need some 
preliminary estimates: (|36[) - (^0D . By (|^ there exist scalars ao,ai with max(|ao, |ai|) = 1 
and ||zn|| < /(?]) where 


(36) 

Therefore 


W = QjQ I,™--jT “ 1 “ Cll 


ll«o| - |ai|| = 


floi 


||T*oxi 
T*°xi 


||T*oxi|| 

Thus 1 — f{r]) < |ao|, |ai| < 1 and hence 


ai 


||T*o+ixi|| 


||T*o+ixi|| 


< ||w|| < f{r]). 


(37) 

Also by 


I I 


< 


< 


kol kol l-/(h)’ 


we obtain that 


rr^ia \\T^°Xi\\ |,ai T*o+lxi 

T °xi =- w — \\T °xi| 


Oq 


ao ||r*o+ixi 


and thus 

(38) 

Let 

(39) 


r“x = 


\xi + X2 


f o„ ||T<.+‘a, 11+-' 


w = T®°x + 


T*°X2 


||T*°Xi|| oi T*°+^xi 
|a;i+X2i| ao i|T*o+ixi|| ||xi+X2|r 
10 


































Notice that 


(40) 


tc = 


and 

||T*oa;i 


imply that w = (||T*°a;i 
||T*oa;i|| f{T]) 


xi + X2\\\ao\ 

||T*oxi|| 


w < 


< Viv) 

= 2 /(r?) 

= 

< 2 /(??) 


11 ^1+2^211 V 

zljT^^xi) 

||a:i + 31211 
zl{T^°Xi +T^°X2 
\\xi + X 2 II 
||T*o(a;i + 3:2)11 


xi + 3:211 1 - f{r]) 

(r ^ 


xi + 3 : 2 ||ao))w and hence 
(nsing (I+TD and ||tc|| < /( 17 )) 


since 


< 2 by 


\xi + 3:21 

= 2fmT^x\\. 


1 - fiv) 

(by the choice of zl) 

(by (^ for i = 1 and z = 3 : 2 ) 
since H^jdl = 1) 


Now we are ready to estimate the bc{T* 03 :/||T*°x||, T*“+^3;/||T*°+^3;||}. Let scalars Aq, Ai 
snch that 

r*ox T^°+^x _ 

^ ||T*o+ia;|| “ ■ 

We want to estimate the maxdAo], l^dil). By (^^ we have 
^ Aq / ||T*'’3:i|| oi T^°X2 \ ^ T*°+^3: 

||T*ox|| \ || 3 :i + X2II Oo ||T*o+^Xi|| ^ || 3 :i + 3:211 / "*” ^||T*o+^ 3 :|| 

Ao I IT*'’ 3:2 II T^°X2 ( —44o||T*'’3:i|| ai 44i||T*'’+^3:i|| \ T*°+^3:i 

||T*03:|| ||3:i + 3:211 ||T*ox 2|| V ll^*°2:|| ||3:i + 3:2|| Oq ||T*o+’^3:|| ||3:i + 3:2|| / ||T*o+’^3:i|| 

Ao _ AiT^°+^X2 

H-^- w H-^- 

llT^oxll ||T*o+’^x|| || 3 :i + 3:211 

^ 74o||T*°3;2|| T^°X2 ( —44o||T*°3:i|| Oi y4i||T*°+^3:i|| \ T*°+^3:i 

“ ||T*ox||||3:i + 3:211 ||T*03:2|| V I|2"*‘’2:|| ||3:i + 3:2|| Oq ||T*o+ix|| ||3:i + 3:2|| J ||T*o+i3:i|| 


- 1 ^ 012 /( 17 ) - \Allf{r]) (by the triangle ineqnality, ( 1 ^) and ( 0 )). 


By ( |2(]|) for i = 1 we have that T^°X 2 G her 2:2 and since Z 2 {T'^°~^^Xi) = ||T*‘’+^xi|| it is easy 
to see that bc{T*° 3 : 2 /||T*'’ 3 : 2 ||, T*°+^xi/||T*°+^ 3 :i||} < 2. Thus (^Tf ) implies that 


(42) 


Ao||T*°3;i|| ai Ai||T*°+^3:i|| 

||T*'’ 3 :|| || 3 :i + 3:211 ao ||T*o+’^ 3 :|| || 3 :i + X2 


<2 + 4f{rj)\Ao\ + 2f{r])\Ai 


and 


(13) II <2 + 4/(o)l^l+2/(r))|/ti 

||3 *03:|| ||Xi + X2II 

Notice that (^) implies that 


(44) |Ao| < 4 + 8f{r])\Ao\ + 4:f{7])\Ai\, 
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since 


||T*°a:||||xi + a:2|| ||T*°a:i + T*°a;2|| ^ ||T*°Xi|| + ||T*°a:2|| ^ 


||T*oa:2|| \\T^°X2\\ 

by ( 0 . Also by (^ 2 D we obtain 

|Ai|||ro+V|| l^ll|T*°a;i|| \a. 


||T*ox2| 


<2 + 4/(r/)|Ao| + 2/(r/)|Ai 


Thus 

(45) 


||T*o+^a:||||a:i + X2\\ ||7'*°a:||||xi + X2\\ |ao| 

<2 + 4/(r7)|Ao|+2/(r7)|Ai| 


l^llg “ I^O' 


l-/(h) 


by (H) for i = io + 1 , 

||T*°a;i|| 


and 

llT^^xil 


< 


||T*°a;i| 


||T*oa;|| ||a;i + a;2|| ||T*oxi + T*oa;2|| z^iT^^xi + T^°X2) 

\\T^°xi\\ 


(since ||z^|| = 1 ) 


zl{T^°Xi) 

= 1 (by the choice of zl) 

Notice that (^) implies that 


(since X 2 ET *°(ker; 2 j() by (^) for i = 1 and z = X 2 ) 


(46) |Ai|<6 + y|Ao| 

since /(r^) < 1/6 by (pAj) . By substituting (^61) into (|4^) we obtain 

l^ol^ 

= 4 + 24/(r/) + ^f{r])\Ao\ 

5 

< 5 + ^\Ao\ I'since f{r]) < ^ by (|^ 


|Ao| <4 + 8/(r/)|Ao|+ 4 /( 77 ) ^6 + ^ 


Thus |Ao| < 10. Hence (|46|) gives that \Ai\ < 62. Therefore 


be 


T*ox T*“+^a: \ ^ ^ 1 

||T*oa:||’ ||T*o+ia:|| J “ “ 7M 


(by (IID). 


We now proceed to the inductive step. Assuming the inductive statement for some integer 
k, let a hnite codimensional subspace F of X, /: ( 0 , 1 ) —>• ( 0 , 1 ) with /(r^) \ 0 as 77 \ 0 
and zo G NU {0}. By the inductive statement for zq, / and 77 replaced by zq + 1, and 77/4 

respectively, there exists 771 s.t. for 0 < 77 < 771 there exists xi G X, ||a;i|| = 1 


(47) 
and 

(48) 


T* ^xi G F and ||T*a;i|| < ^||T* ^xi|| for z = 1, 2,... , (zq + 1) + fc + 1 

I T*o+ixi j'lQ+i+k^^ I ^ I 

lllT^o+ixill’ ||T*o+2a)i||’ • • • ’ ||T*o+i+fca:i|| j “ JW^^' 
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Let rjo satisfying 
(49) 


Vo < Vi, fiVo) < 


2882’ 


fiVo) < 


UA{k + 1) 


let 0 < ?7 < r/o and let xi G X, ||a;i|| = 1 satisfying and (|48|). If 


^\||T*oa:i||’ i|T*o+ixi|r" ’ ||T*o+^+ixi| 


< 


fiv) 


then xi satisfies the indnctive step for k replaced by /c + 1. Thns we may assnme that 

I' 'I ^ i 

“niirwiiir lirw+iiiii’"' ’ Iirw+Miiii J ^ Tm' 


(50) 

Let 

(61) 


ri ||T*°a:i| 

0 < r ]2 < - A mm —r? A 


mm 


llTVil 


;fiv)- 


4 i<i<*0 2||T*a:i|| jo<i<*o+fc+i 2||TAxi||' 

Let J C {2, 3,... } be a finite index set and be norm 1 fnnctionals such that 

(52) zliT^x,) = \\r°x,l 
and 

(53) for every ^ e span{T*'’’''^xi,... there exists jo G J with \z*^{z)\ > ^Ikll- 

Since T is 1-1 we obtain by ([T3|) that dim(X/(T“*° f) ker^;*)) < cx). Apply Corollary p3| 

ie{i}uj 

for F, k, T] replaced by FnT“*° f) ker z* j, io + k+2, 772 respectively, to obtain an infinite 

\i6{l}UJ J 

dimensional subspace Z of Y such that for all ^ G Z and for alH = 1,2,... ,io + k + 2 


(54) 


r‘-‘z e F n r 


-^o 


Pi ker 2 ;* I and ||T* 2 ;|| < r] 2 \\T" ^z\ 

vie{i}uj 

Let xl G X*, llxill = 1 = xl{xi) and let 0:2 G Z fl kerx^ with 

(55) \\T^°Xi\\ = \\T°X2\\ 

and let x = (xi +X 2 )/\\xi -I-X 2 II. We will show that x satisfies the inductive statement for k 
replaced by A; -f 1. 

We first show that x satisfies (a') for k replaced by fc -|- 1. The proof is identical to the 
verification of (a') for /c = 1. The formulas (^), (|^), (^), (|5D[), and (^) are valid for 
io < i < io + k + 2, and (|^) is valid if io + 1 is replaced by any i G {zq + 1, • • • , io + ^ + 1}) 
and this will be assumed in the rest of the proof when we refer to these formulas. 

We now prove that (b') is satisfied for k replaced by A: -|- 1. By (|50D there exist scalars 
ao, ai,... , afc+i with max(|ao|, |ai|,... , |afc+i|) = 1 and ||tc|| < /(//) where 


(56) 


w = 


k+1 

4=0 


||T*o+*a;i 
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We claim that 


(57) 


kol > 




Indeed, if |ao| < f{ri)^^‘^/2 then max(|ai|,... , |afc+i|) = 1 and 


k-\-l 

E 

2=1 


di 


T^o+^Xi 


||T*o+*a;i 


w — ao 


T^°Xi 


\\T^oxi 

< Ikll + l«o| 

</M + hfd 

< (since f{r]) < 1/4 by (||)) 


which contradicts 


Thus (|57|) is proved. By we obtain 

k-\-l 

Wrrin^.^ 


' a„ ■lr‘»+‘li|| 


and thus 

(58) T°x = 
Let 

(59) 


lla^i +X2I 


||T*oa;i| 

Oq 


k+1 


-W 




k-\-l 


w = T'^°x + ^ 


tti ||r*°a:i|| T*°+*a;i 


T^°Xo 


^ ao llxi + X2\\ ||T*o+*a;i|| ||xi + Xall ‘ 

Notice that (^) and (|5^ imply that w = (||T*“a;i||/(||a:i + a: 2 ||ao))tc and hence 


pn = 


||T*oa;i| 


^11 < ^-^^ 2 /( 77 )^/^ (by \\w\\ < f{r]) and (l^)) 
P^l + X2\ 


\Xi + X2 

(by®) 


\Xl + X2\ 


(60) 


= 4h/£i±I/£2l2/(,,)3/-i(by (M) for i = 1 and r = 12 ) 

\\Xl + X2\\ ' 

= \\r^x\\2f{7^f/\ 


Now we are ready to estimate the \)c{T'^°^'^Xi/\\T^°^'^Xi \\: i = 0,1,... , fc + 1}. Let scalars 
y4o, y4i,... , Afc+i such that 


k+1 

E'^‘ 

i=0 


'J^ '20 H“2 ^ 


\\T^o+ix\ 


= 1 . 
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We want to estimate the maxdAo], l^il,... , |y4fc+i|). By (|5^) we have 


1 = 


At) 


k-\-l 


\\T^ox\ 


w 


Qi \\T^°Xi\\ ^ T^°X2 




^ Oo ||a:i + a:2|| ||T*o+*a;i|| ||xi+a;2| 


Ao\\T^ox 2\\ r°X2 , Y --4oll^'°^ill ^ 


k-\-l 

^ *||T*o+*a:| 
Ai\\T^°+^xi\\ 




||T*ox|| ||xi + a: 2 || ||^*° 2 : 2 || “ yao ||T*oa:|| ||a:i + a: 2 || ||T*o+*a:|| ||a:i + a: 2 || / ||T*o+*xi| 

/c+1 

+ ^A 


An 


||r«i|| 


W 


T*°+*X2 


i=l 


||T*o+*x|| ||a:i + X 2 \ 


> 


Ao\\T^°X2\\ T^°X2 


fc+l 

E 


tti -y4o||T*oa;i|| Ai\\T^°+^xi\ 


||T*oa;||||a;i + a;2|| ||T*oa;2|| ^ Ko-o \\T^°x\\\\xi + X2\\ ||T*o+*a;||||a;i + a;2||/ ||T*o+*a;i 


T*°+*a;i 


(61) 


fc+1 


- |-4„|2/(,p - E \Ai\f{ri) (by (|60D and (|^) ; see the paragraph above (l56|)) 


2 = 1 


By (1^) for i = 1 and z = X 2 we obtain that T^°X 2 G f) her 2 ;* and by (|53|) and (@ it is 


easy to see that 


16 J 


be 


T^°X2 T*°+*a:i 


||T*oa;2|| ’ ||T*o+*a:i|| 


: i = 1,... ,k + 1> < 


/(r^)i/4 


V3. 


Since f{T]) < (by (|19|)), we have that 3 < 2 /f{r]yA^ hence 


be 


T^°X2 T*°+*a:i 


||T*o^2ir 


: i = 1,... ,k + 1> < 




Thns (|6TD implies that 

\\T^°X2\\ 


k-\-l 


(62) 


l^do 


||T*ox||||a:i + X2I 

and for i = 1,... , fc + 1 
(63) 


< 


f{r^Y/^ 1^1+ 2/(??)^^^|24o| + ^\Aj\f{ri) 


tti -Ao\\T^°xi\\ 


+ 


Gli||T*°+*xi 


fc+i 


< 


oo i|E*ox||||xi + X 2 II ||T*o+*x||||xi + X 2 
Since 

||T*°x|| ||xi + X 2 II ||T*°xi + T*°X2|| I |T*°xi|| + ||T*°X2 


y('^)i /4 + 2/(h)H^o| + ^\Aj\fiv) 


||T*ox2|| 

we have that (|6^) implies 


||T*ox2 


< 


||T*ox2| 


/c+1 


= 2 (byO), 


(64) 


|2l„| < + 8/(r,)'''=|2l„| + 4'^JAi\f(vfY 
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Notice also that 


|A 


implies that for i = 1,... , A; + 1 
||T*oxi 


fc+i 


||T*o+%||||a;i + X2 
Thus 

2 




k+l 


(65) 


by 


l^ilg - l^ol +4/(h)2|^o| +2^\Aj\f{ri) 


(see the paragraph above 

llT^^xill ||T*°xi 


and 


< 


||T*''a:i| 


||T*oa;||||xi+X 2 II ||T*oa;i+T*oa;2|| “ \zl{T^°xi + T^°X2)\ 

\\T^°Xi\\ 

~ |zi*(T*oxi)| 

= 1 (by(0)). 

For 1 = 1,... ,k + 1 rewrite (^) as 


(since ll^jdl = 1) 
since T*°a ;2 G kerzjj' by (|54D for i = 1 and z = X 2 ) 


lAI 


Vivf') < + (4/(^)‘'^ + l^ol + E \A,\m^l\ 


k+l 


i=i 

jA 


Thus, since f{rj) < A (by (|^), we obtain 


1/2 


1 ^ 2 
' A-JW^‘ 


k+l 


+ ( 1 + l^ol + Y1 


Hence, since 1 < 1/ we obtain that for i = 1,... ,k + l 

Q 

(66) lAI < y(^)i/4 + + 3^|Aj|/(r7)3/h 

i=i 

By substituting (|64D in (|6^) we obtain that for i = 1,... ,fc + l, 

Ai+l fc+1 

(67) \Ai\ < + JyjyT^ 72 /( 77)4 |Ho| +36^ |A//(77)^/^ + 3^ |A//(77)^/'^. 

J 1 j 1 

j¥^i 

We claim that (|6^) and (|67|) imply that max{|Aj|: 0<z<fc + l}<l//(? 7 ) which hnishes 
the proof. Indeed, if max{|Aj|: 0<7<fc + l}=|Ao| then (|6^ implies that 


|Ao| < 


/(^)l/4 


8/(h)^^^|7lo| + 4(/c + 1 )|Ao|/(77)^/^ 


< 


/(r7)V4 3 


+ o l"4o| + 77 IA 0 I since /( 77 ) < 


24 


A 


12(A; + 1) 


by 
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thus 


(68) |^„|<_^<^ l^since/(„)< (i) by(0) j , 

Similarly, if there exists £ G {1,... , fc + 1} such that max{|y4j|: 0<i</c + l} = \Ai\ then 
(|67|) for i = £ implies that 

f{T]y/^ 72/(77)4 |ylfI + 36{k + 1)/(77)^/^!74^1 + 3kf{T]y^'^\Ae\ 

42 1, , , 1, , , 1, , , 

- /MVi + + il4‘<l + il-4fl 


(since l//(h)^^^ < and f{r]) < 

168 1 


1 

2^^ 


(69) 


\Ai\ < 


< 


/(r7)i/2 f[r]) 


By (|68|) and (|6^) we have that max{|y4j|: 
proof. 


( 144(1+1) ) by (iU)). Hence 
since f{r]) < ^ by (H)^ . 

0<7</c + l}< 17/(77) which finishes the 

□ 
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